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Abstract 

We introduce the notions of the caustic- equivalence and the weak caustic- equivalence 
relations of reticular Lagrangian maps in order to give a generic classification of caustics 
on a corner. We give the figures of all generic caustics on a corner in a smooth manifold 
■ of dimension 2 and 3. 
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In [?] we investigate the theory of reticular Lagrangian maps which can be described stable 
caustics generated by a hypersurface germ with an r-corner in a smooth manifold. A map 
germ 

vr o % : (L, 0) ->■ (T*IR n , 0) -» (R™, 0) 

is called a reticular Lagrangian map if % is a restriction of a symplectic diffeomorphism germ 
on (T*R n ,0), where I r = {l,...,r} and L = {(q,p) e T*R n \q lPl = ■■■ = q r p r = q r+1 = 
CSJ ■ • ■ ■ = q n = 0, qi > 0} be a representative of the union of 
> 

1% = {(q,p) e (T*R n , 0)\q a = p Jr _ CT = q r+1 = ■ ■ ■ = q n = 0, q Ir ^ > 0} for all a C I r . 

We define the caustic of noi is the union of the caustics C a of the Lagrangian maps vroi^ofor 
all a C I r and the quasi-caustic Q UyT = n o fl L°) for all <t,t C I r (a ^ t). In the case 
r = 2, that is the initial hypersurface germ has a corner, the caustic of 7r o i is 



c u d u c 2 u c 1)2 u g 0il u g 0j2 u g 1){li2} u g 2>{ i l2} . 

For the definitions of generating families of reticular Lagrangian maps, see [?, p. 575-577]. In 
[?] we investigate the genericity of caustics on an r-corner and give the generic classification 
for the cases r = and 1 by using G.Ishikawa's methods (see [?, Section 5]). We also 
showed that this method do not work well for the case r = 2. In this paper we introduce the 
two equivalence relations of reticular Lagrangian maps which are weaker than Lagrangian 
equivalence in order to give a generic classification of caustics on a corner. 



2 Caustic-equivalence and Weak caustic-equivalence 

We introduce the equivalence relations of reticular Lagrangian maps and their generating 
families. 

Let 7T o ij be reticular Lagrangian maps for j = 1,2. We say that they are caustic- 
equivalent if there exists a diffeomorphism germ g on (K n , 0) such that 

g{C\) = Cl g(Q 1 )=Ql T for aU a, r C I r (a ? r) . (1) 
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We say that reticular Lagrangian maps ir o i 1 and ix o i 2 are weakly caustic- equivalent if 
there exists a homeomorphism germ g on (M n , 0) such that g is smooth on all C*, Q^t) an d 
satisfies (CQ). 

We shall define the stabilities of reticular Lagrangian maps under the above equivalence 
relations and define the corresponding equivalence relations and stabilities of their generat- 
ing families. 

The purpose of this paper is to show the following theorem: 

Theorem 2.1 Let n = 2,3 or 4, U a neighborhood of in T*R n , S(T*M. n , 0) be the set 
of symplectic diffeomorphism germs on (T*IR n ,0), and S(U,T*M. n ) be the space of sym- 
plectic embeddings from U to T*W a with C°° -topology. Then there exists a residual set 
O C S(U, T*M n ) such that for any S G O and x G U, the reticular Lagrangian map 
° Seek is weakly caustic- stable or caustic- stable, where S x G S(T*M. n ,0) be defined by the 
map xo i — y S(xq + x) — S(x). 

A reticular Lagrangian map ttoS x \j^ for any S G O and x G U is weakly caustic-equivalent to 

one which has a generating family B 22 +,1 ~, B 22 + ' 2 , B 2 ' 2 , or is caustic equivalent to one which 

has a generating family B$, Bf; 2 % B±f, B±f, B$, B$, C±f, C^%. 

B 22 + ' 1 : F(xi, %2, 9i, 52) = x\± x x x 2 + \x\ + q x x x + q 2 x 2 , 

B 2 2 + ' 2 : F(x 1 ,x 2 , qx, q 2 ) = x\ ± x x x 2 + x\ + 9iX X + 9 2 x 2 , 

^2,2~ : ^(^l) x 2, qi, 92) = x? ± xix 2 - x| + 91X1 + 9 2 x 2 , 

B t£- F{xi, ^2, 9i, 92, 93) = ac? ± ^2 + fli^i + 92X 2 + 93^2, 

B 2,2,3 : F ( X 1, X 2, 9l, 92, 93) = Ol ± X 2 ) 2 ±x\ + qiXi + 92X2 + 93^2, 

B 2 f: F(x 1 ,x 2 , 9i, 92, 93) = x\± x x x 2 ± x\ + 91X1 + 9 2 x 2 + 93^1, 
x 2 , 91, 92, 93) = x? ± XiX 2 ± x\ + 91^1 + 92X2 + 93^?, 
x 2 , 91, 92, 93, 94) = x\± x x x\ ±x% + q x x\ + q 2 x x x 2 + 93X2 + 94X1, 
B^\ F(xt, x 2 , 91, 92, 93, 94) = x? ± x?x 2 ± x^ + 91^1 + 92^ix 2 + 93^1 + 94X2, 
C ft- F{V> x 1 ,x 2 ,q 1 ,q 2 , 93) = ±y 3 + x x y ± x 2 y + x 2 2 + q x y + 92X1 + 9 3 x 2 , 

F (V, Xi,Xi, 91, 92, 93, 94) = ±V 3 + x x y ± x 2 y 2 + x\ + 9iZ/ 2 + 921/ + 93^iX 2 + 94X2, 
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C 3,2% : F (yi Xl ' X ^ 91' *? 3 ' *? 4 ) = ± ?/ 3 + ^ ± Xl ^ 2 + X l + ^ + *? 2 2/ + <?3^2 + ?4^1- 

In order to describe the caustic-equivalence of reticular Lagrangian maps by their gen- 
erating families, we introduce the following equivalence relation of function germs. We say 
that function germs /, <7 G S(r; k) are reticular C-equivalent if there exist <fi G B(r; k) and a 
non-zero number o6l such that g — a • f o (j). See [?] or [?] for the notations. We construct 
the theory of unfoldings with respect to the corresponding equivalence relation. Then the re- 
lation of unfoldings is given as follows: Two function germs F(x, y, q), G(x, y, q) G £(r; k + n) 
are reticular V -C-equivalent if there exist $ G B n (r; k + n) and a unit a G E(n) and b G E(n) 
and such that G = a ■ F o $ + J. We define the stable reticular (P-)C-equivalence by the 
ordinary ways (see [?, p.576]). We remark that a reticular P-C-equivalence class includes 
the reticular P-7?. + -equivalence classes. 

We review the results of the theory. Let F(x, y, u) G 9Jt(r; k + n) be an unfolding of 
f(x,y)eWl(r;k). 

We say that F is reticular V-C-stable if the following condition holds: For any neighbor- 
hood U of in W+ k + n and any representative F G C°°(U, R) of F, there exists a neighbor- 
hood N F of F in C°°-topology such that for any element G G N F the germ (5| H r xR fc+n at 
(0,1/0,50) is reticular "P-C-equivalent to F for some (0,1/0,90) £ U. 

We say that F is reticular V -C -vers al if all unfolding of / is reticular P-C-/-induced from 
F. That is, for any unfolding G G 9Jt(r; k + n') of /, there exist $ G 9Jt(r; k + n',r;k + n) 
and a unit a G £(ra') and 6 G £{n') satisfying the following conditions: 

(1) $(x,y,0) = (x,y,0) for all (x,y) G (H r x R fc ,0) and a(0) = 1, 6(0) = 0, 

(2) $ can be written in the form: 

®(x,y,q) = (x!(f){(x,y,q),--- ,x r (f) r 1 (x,y,q),(f)2(x,y,q),(j)3(q)), 

(3) G(x, y, q) = a(q) ■ F o $( x , y, q) + b(q) for all (x, y, q) G (H r x R fe +™', 0). 

We say that F is reticular V-C-infinitesimally versal if 

£( r; fc) = (x — , ^)s(r;k) + (1, /, ^I*=0)r. 



We say that F is reticular V-C-infinitesimally stable if 

dF dF dF 
S(r;k + n) = ( x —,—) e{r . k+n) + {l,F,—/ £tll) . 



We say that F is reticular V-C-homotopically stable if for any smooth path-germ 
(R, 0) — > E(r;k + n),t h-> F t with F = F, there exists a smooth path-germ (R, 0) — > 
B n (r; k+n) xE(n)xE(n),t >->■ (<E> t , a t , 6 t ) with ($ , «o, &o) — (id, 1? 0) such that each (<3> t , a t , &t) 
is a reticular P-C- isomorphism from F to F t , that is F 4 = a t ■ F o $ t + b t for £ around 0. 

Theorem 2.2 (cf., [?, Theorem 4.5]) Let F G Wl(r; k + n) be an unfolding of f G 0tt(r; fc). 
Then the following are all equivalent. 
(1) F is reticular V-C-stable. 
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(2) F is reticular V-C-versal. 

(3) F is reticular V-C-infinitesimally versal. 

(4) F is reticular V-C-infinitesimally stable. 

(5) F is reticular V -C-homotopically stable. 

For a non-quasihomogeneous function germ f(x, y) G 9JT(r; k), if 1, /, a±, . . . , a n G £(r; k) 
is a representative of a basis of the vector space 



then the function germ f+aiqi + - ■ -+a n q n G 9JT(r; k+n) is a reticular P-C-stable unfolding of 
/. We call n the reticular C-codimension of /. If / is quasihomogeneous then / is included in 
( x dx> %)s(r;k)- This means that the reticular C-codimension of a quasihomogeneous function 
germ is equal to its reticular 7?. + -codimension. 

We define the simplicity of function germs under the reticular C-equivalence in the usual 
way (cf., [?]). 

Theorem 2.3 (cf., [?, Theorem 2.1,2.2]) A reticular C- simple function germ in 971(1; k) 2 is 
stably reticular C -equivalent to one of the following function germs: 



The relation between reticular Lagrangian maps and their generating families under the 
caustic-equivalence are given as follows: 

Proposition 2.4 Let n o ij be reticular Lagrangian maps with generating families Fj for 
j = 1, 2. If Fi and F 2 are stably reticular V-C- equivalent then n o i x and n o i 2 are caustic- 
equivalent. 

Proof. The function germ F 2 may be written that F 2 (x,y,q) = a(q)F 3 (x,y,q), where a is 
a unit and Fi and F 3 are stably reticular P-7£ + -equivalent. Then the reticular Lagrangian 
map ii o i 3 given by F 3 and tt o i 1 are Lagrangian equivalent and the caustic of n o i 2 and 
7i o i 3 coincide to each other. ■ 
This proposition shows that it is enough to classify function germs under the stable 
reticular "P-C-equivalence in order to classify reticular Lagrangian maps under the caustic- 
equivalence. We here give the classification list as the following: 

Theorem 2.5 (cf., [?, p. 592]) Let f G 9Jt(2; k) 2 have the reticular C-codimension< 4. Then 
f is stably reticular C- equivalent to one of the following list. 



£(r;k)/(x 




B l :x l (Z>2), Cf:xy + ey l (e' 



.i-i 



1,1 > 3), F 4 :x 2 + y 3 . 
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k Normal form codim Conditions Notation 

x\ ± x x x 2 + ax\ 3 < a < \ J B 2 ± ' + ' i 

x 2 ± x ± x 2 + ax 2 , 3 a > i p J 

~2 _l „ „ i ,2 o „ ^ n 



5 2,2,a 



'2,2,a 



r 2 ± X]X 2 + ax 2 , 3 a < 

(•'-, : .r 2 )- : x| 3 £ 2 %, 



'2, 2, a 

,i,6 

2,2 
,^,± 
2,2,3 
i± 
'2,3 



x\ ± xix 2 ± x 3 3 B.^ 

x\ ± x x x 2 ± x\ 3 5^ 

± ^2 4 5 2 3' 

xf ± x 2 x 2 ± x 2 , 4 ff^f 

1 ±y 3 + xiy ± x 2 y + x\ 3 C 3 2 
±y 3 + xij/ ± x 2 ?/ 2 + x\ 4 C^g 
±t/ 3 + x 2 y ± x lV 2 + x\ 4 C± 2 % 

We remark that the stable reticular C-equivalence class B^ of x\ + x\x 2 + x\ consists of the 
union of the stable reticular ^-equivalence classes of x\ + X\X 2 + ax\ and — x\ — X\X 2 — ax\ 
for a > 0. The same things hold for B± 2 % B^f, B±f, C^f. 



3 Caustic-stability 

We define the caustic- stability of reticular Lagrangian maps and reduce our investigation 
to finite dimensional jet spaces of symplectic diffeomorphism germs. 

We say that a reticular Lagrangian map 71 o % is caustic- stable if the following condition 
holds: For any extension S G S(T*M. n ,0) of % and any representative S G S(U,T*W l ) of S, 
there exists a neighborhood Ng of 5" such that for any S' G N§ the reticular Lagrangian map 
7r o S"|l at x and ix oi are caustic-equivalent for some x — (0, . . . , 0,p° +1 , . . . G £/. 

Definition 3.1 Let iroi be a reticular Lagrangian map and I be a non-negative number. We 
say that n o % is caustic /-determined if the following condition holds: For any extension S 
of i, the reticular Lagrangian map n o S"| L and -n oi are caustic- equivalent for any symplectic 
diffeomorphism germ S' on (T*R™, 0) satisfying j l S(0) = j l S'(0). 

Lemma 3.2 Let it o % : (L, 0) — > (T*R n , 0) — > (R n , 0) be a reticular Lagrangian map. If a 
generating family of 'it oi is reticular V-C-stable then it o i is caustic (n + 2) -determined. 

Proof. This is proved by the analogous method of [?, Theorem 5.3]. We give the sketch of 
proof. Let S be an extension of i. Then we may assume that there exists a function germ 
H(Q,p) such that the canonical relation P$ has the form: 

Ps = {(Q, -qq(Q,p), —Qj;(Q>P)>P) e ( T * Rn x T * R "> (°> °))>- 

Then the function germ F(x,y,q) = H (x,y) + {y, q) is a reticular "P-C-stable generating 
family of ft oi, and H is reticular lZ-{n + 3)-determined, where H (x, y) = H(x,0,y). Let a 
symplectic diffeomorphism germ S' on (T*R™, 0) satisfying j n+2 S(0) = j n+2 S'(0) be given. 
Then there exists a function germ H'(Q,p) such that the canonical relation Ps> is given the 
same form for H' and the function germ G(x, y, q) = Hq(x, y) + (y, q) is a generating family 
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of 7r o S"|l- Then it holds that j n+3 ifo(0) = j n+3 -ffo(0). There exists a function germ G' such 
that G and G' are reticular P- ^-equivalent and F and G' are reticular P-C-infinitesimal ver- 
sal unfoldings of Ho(x,y). It follows that F and G are reticular P-C-equivalent. Therefore 
7r o i and 7r o S"| L are caustic-equivalent. ■ 

For a reticular P-C-stable unfolding F G 971(2; & + n) 2 with n < 3, the function germ 
/ = -F| g =o has a modality under the reticular ^-equivalence (see [?, p. 592]). For example, 
consider the case / is stably reticular C-equivalent to x\ + X\X 2 + x\. Then F is stably 
reticular "P-C-equivalent to / + qiXi + ^2^2 + q?>x\. m this case the function germs F a (x, q) = 
x\ + x\x<i + ax\ + giXi + q 2 x 2 + q^x\{a > 0) are stably reticular "P-C-equivalent to F but not 
stably reticular P-P, + -equivalent to each other. Let be extensions of reticular Lagrangian 
embeddings defined by F a and — F a for a > respectively. We define the caustic-equivalence 
class of Si by 

[Sil :=\J([S:] L U[S-} L ), 

a>0 

where [S^l are the Lagrangian equivalence classes of respectively. By Proposition 12. 4[ 
we have that all reticular Lagrangian maps tt o S"| l are caustic-equivalent to each other for 
S'e[Si] e . 

In order to apply the transversality theorem to our theory, we need to prove that the set 
consists of the 2-jets of the caustic-equivalence class [Si] c , we denote this by [j 2 Si(0)] c , is an 
immersed manifold of 5* 2 (3), where S l (n) be the smooth manifold which consists of /-jets of 
elements in S(T*W a , 0). We shall prove that the map germ (0, 00) — > S 2 (3),a h-> j 2 S a (0) is 
not tangent to \j 2 S a (0)]L for any a, and apply the following lemma: 

Lemma 3.3 Let I be an open interval, N a manifold, and G a Lie group acts on N smoothly. 
Suppose the orbits G ■ x have the same dimension for all x G /. Let x : I N be a smooth 
path such that ^(t) is not tangent to G ■ x(t) for all t G /. Then 

\jG-x(t) 

tei 

is an immersed manifold of N. 

We denote that we here prove the case Bp^. The same method is valid for all B^^, B^'^. 

We define G a G 93T(6) 2 by G a {Qi, Q2, Q3, Qi, <?2, 93) = F a (Q 1 , Q 2 , qi, g 2 ) + Qzq3- Then G a 
define the canonical relations P a and they give symplectic diffeomorphisms S a of the forms: 

S a (Q, P) = (-2Q 1 -Q 2 -P u -Q 1 - 3aQ 2 2 - P 2 + 2P 3 Q 2 , -P3, Qu Q2, Ql + Qs)- 

We have that F a are generating families of iroS a \^. Then ^ = (0, — 3Q 2 , 0, 0, 0, 0) — XfoS a 
for / = -pi We suppose that j 2 (ff)(0) G T z {[z\ L ) for z = j 2 S a (0). By [?, Lemma 6.2], 
there exist a fiber preserving function germ H G DJtq P and g G (Q1P1, Q 2 P 2 )e Q P +9Rq,p(Q3) 
such that ] 2 {X f o S a )(0) = j 2 {X H o S a + (S a )*X g )(0). This means that /(/ o 5 a j(0) = 
j 3 (if o5 a + <?)(0). It follows that there exist function germs hi, h 2 , h 3 G 9Jtg, h G 97tg such 
that 

f°S a = -Ql = h(qo S a )Q! + h 2 (q o S a )Q 2 + h 3 (qo S a )(Ql + Q 3 ) + h (qo S a ) 
mod {Q X P U Q 2 P 2 )s Q , P + WqAQz) + ^q >p . 
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We may reduce this to 

-Ql = h 1 (-2Q 1 -Q 2 ,-Q 1 -3aQ 2 2 -P 2 + 2P 3 Q 2 ,-P 3 )Q 1 
+h 2 (-2Q 1 -Q 2 - Pi, -Qi - 3aQ 2 2 + 2P 3 Q 2 , -P 3 )Q 2 
+h 3 (-2Q 1 -Q 2 - P-y, -Q u -P 3 )Q\ + h {-2Q 1 - Q 2 - P u -Qi - P 2 , -P 3 ) 
mod (Q1P1, Q 2 P 2 ) £chP + m Q)P (Q 3 ) + m^ P . 

We show this equation has a contradiction. The coefficients of P^P^P^ 3 on the equation 
depend only on the coefficients of q % iq % 2 q % 3 3 on ho respectively. This means that ho(q o S a ) = 
0. The coefficients of Q\, QiP 2 , Q1P3 on the equation depend only on the coefficients of 
qi,q 2 ,q 3 on hi respectively. This means that o S a )(0) = 0. The coefficients of 

QiPii Q1Q2, Q2P3 on the equation depend only on the coefficients of qi,qi,q 3 on h 2 . This 
means that ^{h^q o S a )) (0) ee 0. So we need only to consider the quadratic part of hi, h 2 
and the linear part of h 3 . The coefficients of Q 2 P 2 , Q\Pi on the equation depend only on 
the coefficient of q\ on h 2 and the coefficient of qi on h 3 respectively. This means that their 
coefficients are all equal to 0. Therefore the coefficient of Q\ on the right hand side of the 
equation is 0. This contradicts the equation. So we have that j 2 (^p-)(0) is not included in 
TMD- 

We also prove the case B 22 + 3 . We consider the reticular Lagrangian maps n o i a with the 
generating families F a (xi, x 2 , qi, q 2 , q 3 ) = (xi + x 2 ) 2 + ax^ + qiXi + q 2 x 2 + q 3 x\. Then the 
function germs G a (Q u Q 2 , Q 3 , q u q 2 , q 3 ) = (Qi + Q 2 ) 2 + aQ\ + qyQy + q 2 Q 2 + q 3 Q\ + q 3 Q 3 
are the generating functions of the canonical relations Ps a and i a = S a \^. Then S a have the 
forms: 

S a (Q, P) = (-(2Q 1 + 2Q 2 + Px), -{2Q 1 + 2Q 2 + 3aQ 2 2 + P 2 - 2P 3 Q 2 ), -P 3 , Q x , Q 2 , Q 2 2 + Q 3 ). 

We have that ^ff = (0, -3Q\, 0, 0, 0, 0) = X f o S a for / = -pi Then we consider the 
following equation: 

foS a = -Q 3 2 EE hi(qoS a )Qi + h 2 (qoS a )Q 2 + h 3 (qoS a )(Q 2 2 + Q 3 ) + h (qoS a ) 
mod (Q 1 P 1 , Q 2 P 2 ) £chP + m Q , P (Q 3 ) + M^p, 

where h ly h 2 ,h 3 e VJt(Q), h e Wl 2 (Q). We may reduce this to 

-Ql ee / ll (-(2g 1 + 2g 2 ),-(2g 1 + 2g 2 + 3g2 + p 2 _2g 2 P3),-p 3 )g 1 
+/i 2 (-(2g 1 + 2g 2 + po, -(2Qx + 2g 2 + 3g 2 - 2g 2 p 3 ), -p 3 )g 2 

+/i 3 (-(2Qi + 2g 2 + Pi), -(2Qi + 2Q 2 ), -P 3 )Q 2 2 

+h (-(2Q 1 + 2Q 2 + Pi), -(2Qx + 2g 2 + 3ag 2 + P 2 - 2g 2 P 3 ), -P 3 ) 

mod (Q 1 P 1 , Q 2 P 2 ) £chP + m Q>P (Q 3 ) + m 4 QtP . 

By the same reason in the case B 2 ' 3 ' , we have that ho(q o S a ) = 0. By the consideration 
of the coefficients of Q\,QiP2,QiP 3 and Q2Pi,Q\,Q2Pz on the equation, we have that 
j\hi{q o S a )Qi)(0) ee /(^(g o S a )Q 2 )(0) ee 0. The coefficients of Q1PIQ1PIQ1P2PZ on 
the equation depend only on the coefficients of q\, q 2 , q 2 q 3 on hi. This means that they are all 
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equal to 0. The coefficients of Q\P 2 , Q1P3, Q\ depend only on the coefficients of qiq 2 , qiqz, q 2 
on hi. This means that they are all equal to 0. We have that j 2 (hi(q o S a )Qi)(0) = 0. 

The coefficients of Q2P 2 , Q2P3, Q2P1P3 depend only on the coefficients of q 2 , q 3 , qiq 3 on 
h 2 and they are all equal to 0. We write h 2 = q 2 {bqi + c <?2 + ^3), h 3 = eqi + fq 2 + gq3- We 
calculate the coefficients of Q\Q 2 , Q1Q 2 , Q\P\, Q1Q2P3, Q 2 P3, then we have that —2b — 2c = 
-8(-26 - 2c) + 2e(-2 - 2f) = 4b - 2e = d = 4d - 2eg = 0. This is solved that 
b = c = d = e = 0orb = |,c = — |,d = 0, / = — l,g = 0. This means that the co- 
efficient of Q\ on the right hand side of the equation is 4b + 4c — 2e — 2ef = 0. This 
contradicts the equation. 

We also prove the case C%' 2 + : We consider the reticular Lagrangian maps tt oi a with the 
generating families F a (y, x i: x 2 , qi, q 2 , ^3) = y 3 +Xiy+x 2 y+axl + axl + q 1 y+q 2 Xi + q 3 x 2 . Then 
the function germs G a (y, Q u Q 2 , Q 3 , q u q 2 , q 3 ) = y 3 +Qiy+Q 2 y+aQ 2 2 +qiy+q 2 Q 1 +q 3 Q 2 +yQ 3 
are the generating families of the canonical relations Ps a and i a = S a \h- Then S a have the 
forms: 

S a (Q, P) = (-(3P| + Qi + Q 2 + Q 3 ), P 3 - P u P 3 - 2aQ 2 - P 2 , -P 3 , Q u Q 2 ). 

We have that ^ = (0, 0, -2Q 2 , 0, 0, 0) = X f o S a for / = -p\. Then we consider the 
following equation: 

f°S a = -Q 2 2 = h 1 (qoS a )(-P 3 ) + h 2 (qoS a )Qi + h 3 (qoS a )Q 2 + hQ(qoS a ) 
mod (Q 1 P 1 , Q 2 P 2 ) £Q:P + Wl Q , P (Q3) + ^ 3 q,p- 

We may reduce this to 

-Q\ = h 1 (-(Q 1 + Q 2 ),P 3 -P 1 ,P 3 -2aQ 2 -P 2 )(-P 3 ) 
+h 2 {-{Qi + Q 2 ), P 3 , P 3 - 2aQ 2 - P 2 )Qi 
+h 3 (-(Qi + Q 2 ), P 3 -Pi,P 3 - 2aQ 2 )Q 2 
+h (-(Qi + Q2), P 3 -Pi,P 3 - 2aQ 2 - P 2 ) 
mod (QiP u Q 2 P 2 ) £Q:P + m Q , P (Q 3 ) + Tl 3 Q:P . 

Since the coefficients of P^P^ 3 on the equation depend only on the coefficients of q 2 q l 3 on 
ho, it follows that they are all equal to 0. Since the coefficients of PiP 3 ,P 2 P 3 depend only 
on the coefficients of q 2) q 3 on hi, it follows that they are all equal to 0. 

Therefore we may set hi = bqi, h 2 = cqi + dq 2 + eq 3 , h 3 = fqi + gq 2 + hq 3 , h = 
qi(iqi + jq2 + hq 3 ). By the calculation of the equation, we have that the coefficient of Q\ on 
the right hand side of the equation is 0. This contradicts the equation. 

Lemma 3.4 Let 71 o % : (L, 0) — > (T*R n , 0) — > (R n , 0) be a reticular Lagrangian map, S 
be an extension of i. Suppose that the caustic-equivalence class [j'q +2 S'(0)] c be an immersed 
manifold of S n+2 {n). If a generating family of n o i is reticular V-C-stable and Jq +2 S is 
transversal to [jo +2 S(0)] c at 0, then tt o i is caustic stable. 

This is proved by the analogous method of [?, Theorem 6.6 (t)&(is)=>(s)]. By this lemma, we 
have that the caustic-stability of reticular Lagrangian maps is reduced to the transversality 
of finite dimensional jets of extensions of their reticular Lagrangian embeddings. 
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4 Weak Caustic-equivalence 



There exist modalities in the classification list of Section |2j This means that the caustic- 
equivalence is still too strong for a generic classification of caustics on a corner. In order to 
obtain the generic classification, we need to admit the following equivalence relation: 

We say that two function germs in 9JT(r; k + n) 2 are weakly reticular V-C -equivalent if 
they are generating families of weakly caustic-equivalent reticular Lagrangian maps. We 
define the stable weakly reticular P-C-equivalence by the ordinary way. 

We say that a reticular Lagrangian map tt o % is weakly caustic- stable if the follow- 
ing condition holds: For any extension S G S(T*M. n , 0) of i and any representative S G 
S(U, T*M") of S, there exists a neighborhood Ng of S such that for any S' G N§ the 
reticular Lagrangian map tt o S"| l at xq and tt o % are weakly caustic-equivalent for some 
x = (0,...,0,p° +1 ,...,p°) G U. 

We say that a function germ F(x, y, u) G 9Jt(r; k + n) is weakly reticular V-C-stable if the 
following condition holds: For any neig hborhood U of in W +k+n and any representative 
F G C°°(U, K) of F, there exists a neighborhood iVp of F in C°°-topology such that for any 
element G G Np the germ Gl^rxj^+n at (0,y o ,q o ) is weak reticular "P-C-equivalent to F for 
some (0,y ,?o) £ C/. 

We here investigate the reticular C-equivalence classes B 2 ' 2 tt ' of function germs. The same 
methods are valid for the classes -B^^' 1 , B^^ 2 , B^!f a . So we prove only to the classes B^^ 2 . 

We consider the reticular Lagrangian maps 7r o i a : (L, 0) — > (T*M 2 ,0) — > (M 2 ,0) with 
the generating families F a (x 1 ,x 2 , q%, q-i) = x\ + X\X 2 + ax\ + q\X\ + q 2 X2 (a > ■?). We give 
the caustic of ti o % a and tt o i b for | < a < 6. In these figures Qi ; i 2 ,Q2,i 2 jQ<1>,2 are in the 





02,/ 2 


22,/ 2 


00,2 


Qi,h 






^0,1 




Ge.i/ 





Figure 3: the caustics of tt o i a Figure 4: the caustics of 7r o z 6 



same positions. Suppose that there exists a diffeomorphism germ g on (IR 2 ,0) such that 
Qi,i2iQ2,i 2 iQ<b,2 are invariant under g. Then <? can not map Q$ ;1 from one to the other. 
This implies that caustic-equivalence is too strong for generic classifications. But these 
caustic are equivalent under the weak caustic-equivalence. This implies that the reticular 
Lagrangian map tt o i a is weakly caustic equivalent to tt o i-y for any a > \ and hence F a is 
weakly reticular P-C-equivalent to F\. We remark that a homeomorphism germ g a , which 
gives the weak caustic-equivalence of tt o i x and tt o i aj may be chosen to be smooth outside 
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and depends smoothly on a. This means that the weak caustic-equivalence relation is 
naturally extended for the (caustic) stable reticular Lagrangian maps with the generating 
families F' a (x\, X2,qi,q2, 93) = x\ + X\X2 + ox\ + q\X\ + ^2^2 + <?3^2 and F' a is weakly retic- 
ular P-C-equivalent to F'(xi, x 2 , q±, q2, 93) = x\ + Xix 2 + x\ + q\X\ + q 2 x 2 - The figure of 

the corresponding caustic is given in [?, p. 602 B^'"]- We also remark that the functions 
x\ + X\X2 + x\ + q\X\ + ^2^2 and x\ + X\X2 + \x\ + Qi x i + #2^2 are not weakly reticular 
"P-C-equivalent because Q% y \ and Q% y \ of their caustics are in the opposite positions to each 
other. 

Therefore we have that the function germ f a (x) = x\ + X\X 2 + ax\[a > |) are all weak 
reticular C-equivalent. Since ^ = x 2 is not included in (x^)s{ x )i it follows that the /-jets 
of the weak reticular C-equivalence class of f a consists an immersed manifold of J 1 (2, 1) for 

1 > 2. 

We classify function germs in 9Jt(2; k) 2 with respect to the weak reticular C-equivalence 
with the codimension< 4. Then we have the following list: 



k 


Normal form 


codim 


Notation 





x\ ± X\X2 + \x\ 


2 


n 2,2 




x\ ± X\X2 + x\ 


2 


o±,+,2 




x\ ± X\X2 — x\ 
,7-* 2 _i_ ™ 2 

Jb _1_ ,/./ 2 

(Xi ± X 2 ) 2 ± ^2 
x\ ± XiX 2 ± ^2 

/y*2 — 1 — ry>2 — 1 — ^y»3 

jo _i_ j/]^j/2 — ^2 
X 3 i X 2 X2 i X 2 ; 

x 3 ± Xix 2 ± x\ 


2 
3 
3 
3 
4 
4 
3 


^2,2 
^2,2 
- D 2,2,3 

5 2.3 

d±,± 
-°2,3' 

-°3,2' 

B 3,2 



1 ±y 3 + x lV ± x 2 y + x 2 3 Cff 
±y 3 + x l2 / ± x 2 y 2 + x\ 4 C^g 
±y 3 + x 2 ?/ ± x^/ 2 + x 2 4 C^ 2 



Proposition 4.1 Let ir o i a : (L, 0) — >■ (T*M 2 ,0) — >■ (M. 2 , 0) 6e £/ie reticular Lagrangian map 
with the generating family x\ + Xix 2 + ax 2 + qiXi + q 2 X2- Let S a G S(T*~R 2 , 0) 6e extensions 
of i a . Then the weak caustic- equivalence class 

is an immersed manifold in S l (2) for I > 1. 

Proof The function germ G a (Qi, Q 2 , qi, q 2 ) = Qi + QiQ2 + aQl + qiQi + q2Q2 is a generating 
function of the canonical relation P Sa and we have that 

S a {Q, P) = {-{2Q 1 + Q 2 + Pi), -{Qi + 2aQ 2 + P 2 ), Qi, Q*). 

This means that = (0,-2Q 2 ,0,0) = X f o S a for / = -p 2 . Suppose that j 1 (^ i )(0) is 
included in T z (rLa 1 (2) ■ z). Then there exist hi,h 2 G 9JIq,p and h G SJtg p such that 

-Q 2 2 = h^q o S a )Q! + h 2 (q o S a )Q 2 + h (q o S a ) mod (Q1.P1, QiP*)^ + ^Iq,p- 
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We need only to consider the linear parts of hi, h 2 and the quadratic part of ho. The coef- 
ficients of P 1 2 ,P 2 2 ,PiP 2 depend only on the coefficients of Q\,Q\,QiQi on ho respectively. 
This means that ho = 0. We set hi = bqi + cq 2 , hi = dqi + eq 2 and calculate the coefficients 
of Ql, Q1Q2, Q1P2, Q1P1 in the equation. Then we have that — 2b — c = 0, — b — 2d — e — 2ca = 
0, c = 0, d = 0. This means that e = 0. Then we have that the coefficient of Q\ of the right 
hand side of the equation is equivalent to —d — ae = 0. This contradicts the equation. ■ 

We consider the (caustic) stable reticular Lagrangian map n o i a : (L, 0) — >■ (T*M 3 , 0) — > 
(M 3 , 0) with the generating family x\ + Xix 2 + ax\ + qiXi + q 2 x 2 + q^x\ and take an extension 
S' a G S(T*~R 2 , 0) of i a , then we have by the analogous method that: 

Corollary 4.2 Let S' a be as above. Then the weak caustic- equivalence class 

is an immersed manifold in S (3) for I > 1. 

Since the caustic of ir o % a is given by the restrictions of tt o i a to L° a fl l? T for a 7^ r in 
this case, it follows that the caustic is determined by the linear part of i a . This means that 
7r o i a is 1-determined with respect to the weak caustic-equivalence (cf., Definition 13. ip . 

Theorem 4.3 The function germ F(xi,x 2 ,qi,q2) = x\ + XiX 2 + x\ + q^i + q 2 x 2 is a weakly 
reticular V-C-stable unfolding of f(xi, x 2 ) = x\ + X\X 2 + x\ 

Proof. We define F' G 971(2; 3) 2 by F'(xi, x 2 , qi, q 2 , q 3 ) = F(xi,x 2 ,qi,q 2 ) + q 3 x 2 Then F' 
is a reticular P-7£ + -stable unfolding of /. It follows that for any neighborhood U' of in 
M 5 and any representative F' G C°°(U, R), there exists a neighborhood iV^, such that for 
any G' G Np, the function germ G'|h2 x r 3 a t Po is reticular P-7?. + -equivalent to F' for some 
p' = (0,0, gi ,g 2 ,g3 )Gt/'. 

Let a neighborhood [/ of in M 4 and a representative P G C°°(U, M) be given. We 
set the open interval / = (—0.5, 0.5) and set U' — U x I. Then there exists iV^, for 
which the above condition holds. We can choose a neighborhood iVp of P such that for 
any G G Np the function G + q-^x^ G Np,. Let a function G G be given. Then the 
function germ G' — (G + gsx^lnaxR 3 at Po is reticular P-7?. + -equivalent to F' for some 
p' = (0,0,g?,g 2 °,g 3 ) G C/'. We define G G 971(2; 2) 2 by G\ U 2 xR2 at p = (0, 0, q° u q° 2 ) G f/. 
Then it holds that G'(x, q) = G(x, qi, q 2 ) + (53 + 93)^2) an< i ^"lg=o = G(x, O^g^x 2 . is reticular 
^-equivalent to /. Let ($, a) be the reticular P-7£ + -equivalence from G' to F' . We write 
q) = (x<fii(x,q),(j)1(q),(f) 2 (q),(f)l(q)). By shrinking U if necessary, we may assume that 
the map germ 

(?i,?2) ^ (0?(gi,g 2 ,O),0 2 (g 1 ,g 2 ,O)) on (M 2 ,0) 

is a diffeomorphism germ. Then P is reticular P-7£ + -equivalent to Gi G 9Jt(2; 2) 2 given by 
Gi(x,q) = G(xi,x 2 ,qi,q 2 ) + (4>l(qi,qi,0) + 93)^2- ^ follows that the reticular Lagrangian 
maps defined by P and Gi are Lagrangian equivalent. We have that 

j 2 (G + g 3 x 2 )(0)=j 2 G 1 (0), g 3 °>-0.5. 

This means that the caustic of G\ is weakly caustic-equivalent to the caustic of G because 
the reticular Lagrangian maps of Gi and P are the same weak caustic-equivalence class that 
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is 1-determined under the weak caustic-equivalence. This means that F and G are weakly 
reticular "P-C-equivalent. Therefore F is weakly reticular "P-C-stable. ■ 



By the above consideration, we have that: For each singularity B^'^' 1 , B^^' 2 , B 22 ~, if we 
take the symplectic diffeomorphism germ S a (S' a ) as the above method, then the weak caustic- 
equivalence class [j l S a (0)] w (\j l S' a (Q)] w ) is one class and immersed manifold in S l (2)(S l (3)) 
for I > 1 respectively 



We now start to prove the main theorem: We choose the weakly caustic-stable reticular 
Lagrangian maps vr o i x : (L, 0) ->• (T*R n , 0) ->• (M n , 0) for 

A — -°2,2 ) -°2,2 ) -°2,2 • l/J 

We also choose the caustic-stable reticular Lagrangian maps it o i x : (L, 0) — >■ (T*IR 3 , 0) — >■ 
(M 3 , 0) for 

V- _ R±,0 D±.± D±,± D±,± R ±,± R ±,± r ±,± r ±,± r ±,± fo\ 

A ~ JD 2,2 1 - D 2,2,3) - D 2,3 J - D 3,2 i D 2,3' ' D 3,2' ' °2,3 J ^3,2,1) °3,2,2- l J 

Then other reticular Lagrangian maps are not caustic-stable since other singularities have 
reticular C-codimension > 4. We choose extensions S x £ S(T*M. n , 0) of i x for all X. We 
define that 

0[ = {S e S{U,T*W l ) | j£ +2 S is transversal to [j n+2 S x (0)] w for all X in ©}, 

0; = {5G S([/,T*M n ) | j" +2 S is transversal to [j" +2 <S x (0)] c for all X in ©}, 
where j l S(x) = j l S x (0). Then and 2 are residual sets. We set 

Y = {j n+2 S{0) e S n+2 {n) | the codimension of [j n+2 S{0)] L > 10}. 

Then Y is an algebraic set in S n+2 (n) by [?, Theorem 6.6 (a')]. Therefore we can define that 

O" = {S e S{U,T*R n ) | ]% +2 S is transversal to Y}. 

For any S G S(T*M. n , 0) with j n+2 S(0) and any generating family F of ix o 5*|l, the function 
germ F\ q =o has the reticular 7?. + -codimension > 5. This means that F\ q= o has the reticular 
C-codimension > 4. It follows that j n+2 S(0) does not belong to the above equivalence 
classes. Then Y has codimension > 8. Then we have that 

O" = {S e S(U,T*W l ) | j% +2 S(U) n Y = 0}. 

We define O = 0[ r\0' 2 DO". Since all iroi x for X in (T5]) are weak caustic 1-determined, and 
all 7r o i x in ([3]) are caustic 5-determined by Lemma 13.21 Then O has the required condition. 
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Figure 11: BJg Figure 12: 
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Figure 21: Figure 22: Cj," 




Figure 23: Figure 24: C^' 
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